laws on small volumes; esp. for flows
« finite elements (FEM): variational approach, study some
weak form of the PDE
» rough characterization:

» FD: straightforward, easy to implement, poor theoretical
background

* FEM: more complicated to implement, but rich mathematical
theory available
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» second derivatives: standard 3-point-stencil
0°u _u€+h)-2u(§)+u-h)
9 x2 - 2
» Laplacian in 2D or 3D, resp: 5-point or 7-point stencil, resp.
» in each inner grid point: set up a difference equation

» in each inner grid point: one degree of freedom per (scalar)
unknown function

« concrete equation near boundary depends on bound. cond.
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* MxM-matrix A (the difference equations)
* M-vectors b (right-hand side) and x (desired values of u)

» Ais a sparse matrix (band structure):

» Dirichlet b.c.: all diagonal elements are 4, per row between 2
and 4 non-zeroes (-1); boundary values to right-hand side

* Neumann b.c.: diagonal elements are 2 or 3 near the
boundary and 4 elsewhere; a corresponding number of —1‘s
(2 to 4) in each row; pairs (1,-1) along boundary to r.h.s.

Introduction to Scientific Computing
b Lesson 7: Discretizing PDE
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denser structure

* use a finer or a locally refined (adaptive) grid (problem: what
to do with hanging nodes where coarser and finer
subregions meet?)
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» weak form: the PDE has no longer to be fulfilled in each point
of the domain, but only w.r.t. some scalar product

+ finite dimensionalansatz space: in the weak form, replace the
continuous solution by suitable finite-dimensional
approximations

+ system of linear equations: construct the corresponding system
of linear equations (one equation for each degree of freedom)

+ solution of the linear system: use appropriate solvers in order to
obtain the finite element approximation to the PDE's solution

Introduction to Scientific Computing
L Lesson 7: Discretizing PDE
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- faces: 2D surface structures of elements (triangles, squares,...)
- edges: 1D boundary structures of elements
- grid points or nodes: where the unknowns are defined
» associated to each grid point is an ansatz function ¢k
- finite support: nonzero only in neighbouring elements

 all ansatz functions together span the linear and finite-
dimensional ansatz space, of which they form a basis

+ in this ansatz space V,, look for an approximation to the
PDE's solution

Introduction to Scientific Computing
b Lesson 7: Discretizing PDE
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+ method of weighted residuals or Galerkin approach

» a second finite-dimensional linear space spanned by these
test functions — the fesf space VVn

+ identical test and ansatz spaces: Ritz-Galerkin approach

« different test and ansatz spaces: Petrov-Galerkin approach
* due to linearity: require weak form for basis functions only
 introducing a bilinear form a(.,.) and a linear form b(.) .

a(u,y,) =by,) Oy, 0OW,

Introduction to Scientific Computing
b Lesson 7: Discretizing PDE
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g
= Zak [&(¢.¢,) =b(,) Dy, OW,
» neither the a(.,.) nor the b(.) depend on the respective

approximation to u, but only on the problem!

» compute them once for all at the beginning: leads, as
expected, to a system of linear equations Ax=b with
the so-called sfiffness matrix A

Introduction to Scientific Computing
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computations, we need iterative solvers):
a,;= a(g, l¢j) =.IQ Lo, @j dQ=0
for non-overlapping supports!
» strategy hence:

* choose ansatz/test spaces with good approximation
properties

» construct bases of these which result in ,nice” matrices and,
thus, in ,fast-to-solve“ SLE (cf. hierarchical bases )

Introduction to Scientific Computing
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